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Galaktionov and Vazquez \[[@CR20]\] systematically studied the properties of several equations, such as complete or incomplete blowup and extinction. Firstly, they studied the problem $\documentclass[12pt]{minimal}
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There are some recent works on local and global existence, gradient estimates, blowup and extinction of the *p*-Laplacian equations. We refer to \[[@CR32], [@CR35], [@CR44], [@CR45]\] for the nonlinear absorption and source, nonlinear gradient absorption or source, and \[[@CR9], [@CR10], [@CR22]\] for singular absorptions. Also, we refer to \[[@CR46], [@CR47]\] for the semilinear equations with an exponential source. When $\documentclass[12pt]{minimal}
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Due to the singular absorption, the solution *u* of ([1.1](#Equ1){ref-type=""}) may quench in finite time on one set with nonzero measure, even if the initial datum is strictly positive (see \[[@CR11]--[@CR13], [@CR37]\]). Davila and Montenegro \[[@CR11]--[@CR13]\] have studied the semilinear problem ([1.1](#Equ1){ref-type=""}) with $\documentclass[12pt]{minimal}
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Motivated by the above analytic results and observations, our interest is to study the weighted problem ([1.1](#Equ1){ref-type=""}) with $\documentclass[12pt]{minimal}
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To prove the main results, we organized the paper as follows: We give the definition of weak solutions and main results in Sect. [2](#Sec2){ref-type="sec"}. In Sect. [3](#Sec3){ref-type="sec"}, using Faedo--Galerkin method, we prove that weak solutions exist globally in time. Finally, we prove that the solution is uniformly bounded under conditions ([1.3](#Equ3){ref-type=""}). In Sect. [4](#Sec4){ref-type="sec"}, we show that the global solution completely quenches in finite time, which is based on the analysis of an ordinary differential inequality satisfied by the function $\documentclass[12pt]{minimal}
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Definition of weak solutions and main results {#Sec2}
=============================================
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Definition 2.1 {#FPar1}
--------------
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Next, we give the main results of this paper.

Theorem 2.1 {#FPar2}
-----------
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Theorem 2.2 {#FPar3}
-----------

*Let the assumptions of Theorem *[2.1](#FPar2){ref-type="sec"} *be satisfied*. *Problem* ([1.1](#Equ1){ref-type=""}) *has a bounded global weak solution* $\documentclass[12pt]{minimal}
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*Moreover*, *every weak solution* *u* *completely quenches in finite time*, *i*.*e*., *there exists a* $\documentclass[12pt]{minimal}
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Global weak solutions {#Sec3}
=====================

For problem ([1.1](#Equ1){ref-type=""}) with $\documentclass[12pt]{minimal}
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Here we are mainly interested in the asymptotic behavior of nonnegative and global solutions of the weighted problem ([1.1](#Equ1){ref-type=""}). However, the equation is singular at $\documentclass[12pt]{minimal}
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To prove Theorem [2.2](#FPar3){ref-type="sec"}, under weaker assumptions on the data, we first consider the weaker regularity on the solutions and define the function space $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {W}:= \bigl\{ v\in L^{p} \bigl(0,T;W_{0}^{1,p}( \Omega) \bigr) |v_{t}\in L^{p'} \bigl(0,T;W^{-1,p'}( \Omega) \bigr), {1}/{p}+{1}/{p'}=1 \bigr\} . $$\end{document}$$

Theorem 3.1 {#FPar4}
-----------
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Proof {#FPar5}
-----

We use the classical Faedo--Galerkin method for the parabolic equations (see \[[@CR2], [@CR34]\]) to prove this theorem. Here we just give a brief proof.
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On the other hand, we can obtain the following inequality, by using Hölder's and Young's inequalities and the definition of $\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar6}
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Proof {#FPar7}
-----
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Theorem 3.3 {#FPar8}
-----------

*Let the conditions of Theorem *[3.2](#FPar6){ref-type="sec"} *be satisfied*. *Then the solution* *v* *of* ([1.1](#Equ1){ref-type=""}) *is global in time*. *Moreover*, *for every* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T>0$\end{document}$, *v* *satisfies* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0\leq v\leq M$\end{document}$ *a*.*e*. *in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q_{T}$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M=M (p,\|u_{0}\|_{\infty,\Omega},\lambda_{1} )>0$\end{document}$.

By Theorem [3.2](#FPar6){ref-type="sec"}, we easily conclude that Theorem [3.3](#FPar8){ref-type="sec"} can be established. Also, by the regularization arguments as when proving Theorem 3.4 in \[[@CR22]\], we can derive the following theorem of higher regularity of solutions to problem ([1.1](#Equ1){ref-type=""}). Here we state these results and omit the details (cf. \[[@CR22]\]).

Theorem 3.4 {#FPar9}
-----------

*Let the conditions of Theorem *[3.2](#FPar6){ref-type="sec"} *be fulfilled*. *If we add the hypothesis* $\documentclass[12pt]{minimal}
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Complete quenching in finite time {#Sec4}
=================================

In this section, following the idea of \[[@CR16], [@CR22]\] (see also the book \[[@CR1]\]), we discuss the complete quenching phenomenon by using the energy methods and give the proof of Theorem [2.2](#FPar3){ref-type="sec"}. We here note that Díaz \[[@CR16]\] has extended the energy method to the study of the free boundary generated by the solutions of more general semilinear or quasilinear parabolic problems of quenching type, which involve a negative power of the unknown in an equation like ([1.1](#Equ1){ref-type=""}).
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{1}=t$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{2}=t+h$\end{document}$ with *t*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t+h\in[0,T]$\end{document}$, we can rewrite ([4.1](#Equ15){ref-type=""}) as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{1}{2h} \bigl\Vert u(t+h) \bigr\Vert ^{2}_{2,\Omega}- \frac{1}{2h} \bigl\Vert u(t) \bigr\Vert ^{2}_{2,\Omega}+ \frac{1}{h} \int_{t}^{t+h} \int_{\Omega}\bigl( \vert \nabla u \vert ^{p}+ \lambda|x|^{\alpha}u^{1-\beta} \bigr)\,dz=0. $$\end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\in \mathscr {U}$\end{document}$ and it satisfies ([2.1](#Equ7){ref-type=""}), we know that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int_{\Omega}\bigl(|\nabla u|^{p}+\lambda|x|^{\alpha}u^{1-\beta} \bigr)\,dx\in L^{1}(0,T). $$\end{document}$$

Applying the Lebesgue differentiation theorem for a.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in(0,T)$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \lim_{h\rightarrow0}\frac{1}{h} \int_{t}^{t+h} \int_{\Omega}\bigl( \vert \nabla u \vert ^{p}+ \lambda \vert x \vert ^{\alpha}u^{1-\beta} \bigr)\,dz= \int_{\Omega}\bigl( \bigl\vert \nabla u(t) \bigr\vert ^{p}+\lambda \vert x \vert ^{\alpha}u^{1-\beta}(t) \bigr)\,dx. $$\end{document}$$ Using ([4.1](#Equ15){ref-type=""}), we get the following energy equality for a.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in(0,T)$\end{document}$: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{1}{2}\frac{d}{dt} \bigl( \bigl\Vert u(t) \bigr\Vert ^{2}_{2,\Omega} \bigr)+ \int_{\Omega}\bigl( \bigl\vert \nabla u(t) \bigr\vert ^{p}+\lambda|x|^{\alpha}u^{1-\beta }(t) \bigr)\,dx=0. $$\end{document}$$

By the definition of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J(t)$\end{document}$, we rewrite ([4.2](#Equ16){ref-type=""}) in the following form for a.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in(0,T)$\end{document}$: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{1}{2}J'(t)+ \int_{\Omega}\bigl( \bigl\vert \nabla u(t) \bigr\vert ^{p}+\lambda \vert x \vert ^{\alpha}u^{1-\beta}(t) \bigr)\,dx=0. $$\end{document}$$ Setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D=2\min\{1,\lambda\}$\end{document}$, we get the ordinary differential inequality $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ J'(t)+D \int_{\Omega}\bigl( \bigl\vert \nabla u(t) \bigr\vert ^{p}+ \vert x \vert ^{\alpha}u^{1-\beta }(t) \bigr)\,dx \leq0. $$\end{document}$$

To prove the differential inequality satisfied by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J(t)$\end{document}$ in Lemma [4.2](#FPar11){ref-type="sec"}, we will make use of the interpolation inequality with weights of Gagliardo--Nirenberg type (see \[[@CR33]\]) as follows.

Lemma 4.1 {#FPar10}
---------

*Assume* *p*, *q*, *r*, *α*, *β*, *γ*, *a* *are real numbers*, *satisfying* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< a<1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p, q\geq1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{p}+\frac {\alpha}{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{q}+\frac{\beta}{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{r}+\frac {\gamma}{n}>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\neq0$\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl\Vert |x|^{\gamma}D^{j}u \bigr\Vert _{L^{r}} \leq c \bigl\Vert |x|^{\alpha}D^{m}u \bigr\Vert ^{a}_{L^{p}} \bigl\Vert |x|^{\beta}u \bigr\Vert ^{1-a}_{L^{q}}, $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$j\geq0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m>0$\end{document}$ *are integers*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$j/m\leq a\leq1$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m-j-n/p$\end{document}$ *is not a nonnegative integer*.

Lemma 4.2 {#FPar11}
---------

*Assume that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\in \mathscr {U}$\end{document}$ *is a weak solution of problem* ([1.1](#Equ1){ref-type=""}) *satisfying* ([2.1](#Equ7){ref-type=""}). *Then the function* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J(t)$\end{document}$ *satisfies the differential inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \textstyle\begin{cases} J'(t)+KJ^{d}(t)\leq0, \quad \textit{a.e. } t\in(0,T),\\ J(0)= \|u_{0} \|^{2}_{2,\Omega}, \end{cases} $$\end{document}$$ *with the constants* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K= (c^{-1}D^{\frac{a}{p}}(DM^{-\beta })^{1-a} )^{2d}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d=\frac{1}{2 (\frac{a}{p}+1-a )}\in(0,1)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$M=\|u\|_{\infty,Q_{T}}$\end{document}$.

Proof {#FPar12}
-----

Set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m=1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$j=\alpha=\gamma=0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r=2$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q=1$\end{document}$. Then applying Lemma [4.1](#FPar10){ref-type="sec"} we can derive that for a.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in(0,T)$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& D^{\frac{a}{p}} \bigl(DM^{-\beta} \bigr)^{1-a} \bigl\Vert u(t) \bigr\Vert _{2,\Omega} \\& \quad \leq D^{\frac{a}{p}} \bigl(DM^{-\beta} \bigr)^{1-a}c \bigl\Vert \nabla u(t) \bigr\Vert ^{a}_{L^{p}} \bigl\Vert |x|^{\alpha}u \bigr\Vert ^{1-a}_{L^{1}} \\& \quad = c \biggl(D \int_{\Omega} \vert \nabla u \vert ^{p}\,dx \biggr)^{\frac {a}{p}} \biggl(D \int_{\Omega}|x|^{\alpha}uM^{-\beta}\,dx \biggr)^{1-a} \\& \quad \leq c \biggl(D \int_{\Omega}|\nabla u|^{p}\,dx+D \int_{\Omega}|x|^{\alpha}uM^{-\beta}\,dx \biggr)^{\frac{a}{p}+1-a}. \end{aligned}$$ \end{document}$$ Since $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int_{\Omega}u(t)^{1-\beta}\,dx\geq M^{-\beta} \int_{\Omega}u(t)\,dx, $$\end{document}$$ we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl(c^{-1}D^{\frac{a}{p}}\bigl(DM^{-\beta} \bigr)^{1-a} \bigr)^{2} J(t)\leq \biggl(D \int_{\Omega}\bigl\vert \nabla u(t) \bigr\vert ^{p} \,dx+ \int_{\Omega}|x|^{\alpha}u^{1-\beta}(t)\,dx \biggr)^{2 (\frac{a}{p}+1-a )}. $$\end{document}$$ We complete the proof by plugging this inequality into ([4.3](#Equ17){ref-type=""}). □

Proof of Theorem [2.2](#FPar3){ref-type="sec"} {#FPar13}
----------------------------------------------

Now we will complete the proof of Theorem [2.2](#FPar3){ref-type="sec"}, which can be proved by the following lemma. □

Lemma 4.3 {#FPar14}
---------

*Assume* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J(t)$\end{document}$ *is a nonnegative function satisfying inequality* ([4.4](#Equ18){ref-type=""}) *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d\in(0,1)$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ J(t)=0,\quad \forall t\geq T_{\ast}, $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T_{\ast}=J_{0}^{1-d}[K(1-d)]^{-1}$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J_{0}=J(0)$\end{document}$ *and* *K* *being defined in Lemma *[4.2](#FPar11){ref-type="sec"}.

Proof {#FPar15}
-----

Since ([4.6](#Equ20){ref-type=""}) is surely true if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J_{0}=0$\end{document}$, so we just prove it for the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J_{0}>0$\end{document}$. There exists an interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,\tau)$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J(t)>0$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in[0,\tau)$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J_{0}>0$\end{document}$. For contradiction, we assume $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi=\sup \bigl\{ \tau>0: J(t)>0, \forall t\in[0,\tau) \bigr\} >T_{\ast}. $$\end{document}$$ Dividing both terms of inequality ([4.4](#Equ18){ref-type=""}) by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J^{d}(t)$\end{document}$, we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{1}{1-d} \bigl(J^{1-d}(t) \bigr)'\leq-K. $$\end{document}$$ Integrating it from 0 to *t* with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in(T_{\ast},\xi)$\end{document}$, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J^{1-d}(t)\leq J_{0}^{1-d}-K(1-d)t. $$\end{document}$$ Since ([4.4](#Equ18){ref-type=""}) is established, so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J'(t)\leq0$\end{document}$ for a.e. *t* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J(t)$\end{document}$ is a nonincreasing function. On the other hand, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J(t)$\end{document}$ is nonnegative and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\rightarrow J_{0}^{1-d}-K(1-d)t$\end{document}$ is monotone decreasing in *t*, thus $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\forall t\geq T_{\ast}, \quad 0\leq J(t)\leq J_{0}^{1-d}-K(1-d)t< 0. $$\end{document}$$ However, this is impossible unless $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T_{\ast}\geq\xi$\end{document}$. Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J(T_{\ast})=0$\end{document}$. □

Numerical experiments {#Sec5}
=====================

In this section, we give some numerical experiments which illustrate our theoretical results.

We consider the case of one space variable and mimic the numerical scheme in \[[@CR41]\], and by the pdepe solver we convert equation ([1.1](#Equ1){ref-type=""}) to ODEs using a second-order accurate spatial discretization based on a fixed interval of specified nodes. We refer the interested readers to \[[@CR41]\], where the discretization method is described in detail.

We take $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega=[0,5]$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0=x_{1}< x_{2}<\cdots<x_{N}=5$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N=10$\end{document}$. By calling the pdepe function in Matlab, we can obtain the figures of numerical solution for $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$p=2$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p=4$\end{document}$, respectively. We know the solution will be quenching completely in finite time, through Theorem [2.2](#FPar3){ref-type="sec"}.

When $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\beta=0.1$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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Remark 5.1 {#FPar16}
----------

In this section, we only show the complete quenching phenomenon of numerical solutions by choosing some special parameters of *λ*, *β*, *α*, *p* and certain initial data. In other words, the global weak solutions obtained in Theorem [2.2](#FPar3){ref-type="sec"} are not unique, in general. When $\documentclass[12pt]{minimal}
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                \begin{document}$\alpha=0$\end{document}$ are taken in equation ([1.1](#Equ1){ref-type=""}), Winkler \[[@CR43]\] has shown that, for any *n* and *β*, the nonuniqueness holds at least for some nonnegative boundary and initial data. We suspect that similar results would still hold for the quasilinear equation ([1.1](#Equ1){ref-type=""}). We leave it to the interested readers as an open question.
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